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I. INTRODUCTION
Asymptotically AdS–BH backgrounds have a great importance because they provide a valuable theoretical labora-
tory for studying several classical and quantum aspects of gravity. In that context, we must emphasize that a variety
of physical phenomena are associated with quantum fields on AdS–BH spacetimes, for instance, particle production
(Hawking radiation) [1]; vacuum polarization [2], etc., Moreover, asymptotically AdS black holes have recently been
of great interest in relation to the Anti-de Sitter/conformal field theory (AdS/CFT) correspondence [3]. Nevertheless,
even in the case of free fields the details of such effects are often difficult to determine.
Thus, as an alternative to understanding the essentials of the theory (avoiding unnecessary complications), emerges
the study of gravity in (2+1)-dimensions, specifically due to the fact that General Relativity (GR) in three dimensions
is locally trivial because there are no propagating degrees of freedom. Notwithstanding this, the relevance of gravity
in (2 + 1)-dimensions has been clearly established since the discovery of the well-known Ban˜ados-Teitelboim-Zanelli
(BTZ) stationary and cyclic symmetry AdS-BH, which possesses certain features inherent to (3+1)-dimensional BHs,
and is characterized by the (anti–)de Sitter parameter Λ, mass M and angular momentum J [4].
The BTZ BH is an exact solution of the three-dimensional Einstein gravity with cosmological constant, the next
logical step is to couple gravity to matter fields, therefore, over the last years these kind of solutions have been
generated. For instance, the inclusion of Maxwell sources [5], scalar fields [6], higher rank tensor fields [7], gravitational
Chern-Simons terms [8], higher curvature terms [9], have been intensively studied.
So far stationary Maxwell-electromagnetic BTZ-BH solutions, have been obtained by means of SL(2, R) transforma-
tions applied to known electrostatic solutions. These electromagnetic BTZ solutions are characterized by logarithmic
terms in the lapse function that, if the electromagnetic field is non null, produce divergences at spatial infinity of
some energy–momentum quantities, such that asymptotically these metrics do not correspond to the BTZ metric.
Some examples of these solutions are the generalization of the BTZ–BH by Martinez-Teitelboim-Zanelli (MTZ) [5],
which includes electric charge Q in addition to mass M , angular momentum J and cosmological constant Λ = −1/l2;
another example is the Clement’s spinning charged BTZ solution [10].
In this work we derive electromagnetic generalizations of the stationary BTZ–BH with BTZ asymptotics; we consider
nonlinear electrodynamics (NLED) coupled to three-dimensional gravity and determine stationary solutions directly
by solving the field equations. The derived solutions also can be interpreted as traversable wormholes (WH) in
certain ranges of the parameters. On the other hand, in a stationary cyclic symmetric (SCS) spacetimes the allowed
electromagnetic fields can have electromagnetic invariants that may diverge; we determine the cases when it occurs.
The outline of this work is as follows: In Sect. II we introduce the (2+1)-gravity coupled to NLED, as well as the
two formulations of NLED: the one that is in terms of a Lagrangian that is a function on the electromagnetic invariant
F ((L,F )-formalism) and the equivalent formalism in terms of a Hamiltonian that is a function of the electromagnetic
invariant P ((H,P)-formalism); we also analyze the finiteness of the electromagnetic invariants F and P; then we
discuss briefly some of the previously known charged stationary BTZ–BH solutions of the Maxwell electrodynamics,
that have been generated from static solutions by using the SL(2, R) symmetry. In Sect. III we present the first of
the NLED generalization of the rotating BTZ–BH characterized by the mass M , angular momentum J , cosmological
constant or (anti) de Sitter parameter Λ, and an electromagnetic parameter Q, and we determine the range of the
parameters for which the BH or WH interpretation applies; other interesting features of the solutions are the existence
of an ergoregion, one or two horizons and the BTZ asymptotic limit. In Sect. IV it is presented the second new solution
that is also a NLED generalization of the stationary BTZ–BH, that is magnetically charged; as for the first solution,
the interpretation of the metric depends of the range of the parameters, we roughly analyze its main characteristics.
For a positive Λ the curvature invariants do not diverge, being then a non-singular solution
In the last Section a summary of results and some perspectives of this work are given.
II. (2 + 1)-DIMENSIONAL EINSTEIN GRAVITY COUPLED TO NONLINEAR ELECTRODYNAMICS
In this section we present the field equations derived from the (2 + 1)-dimensional Einstein-NLED action with
cosmological constant,
S[gab, Aa] =
∫
d3x
√−g
(
1
16pi
(R− 2Λ) + 1
4pi
L
)
, (1)
where R is the Ricci scalar, Λ is the cosmological constant or de Sitter parameter, and L = L(F ) is a function on the
electromagnetic field invariant, F = 14fabf
ab.
Varying this action with respect to the gravitational field gives the Einstein equations,
2
Ga
b + Λδa
b = 8piEa
b, with 4piEa
b = Lδa
b − LF facf bc, (2)
where Ea
b is the electromagnetic energy-momentum tensor and LF stands for the derivative of L(F ) with respect to F .
The variation with respect to the electromagnetic potential Aa, entering in fab = 2∂[aAb], yields the electromagnetic
field equations,
∇a(LF fab) = 0, (3)
and the Bianchi identities imply that
∇a(∗f)ab = 0, (4)
where (∗f)a denotes the Hodge star operation (or Hodge dual) with respect to the metric.
Alternatively, one can define the anti-symmetric tensor Pab = LF fab [12], then (3) becomes ∇a(P ab) = 0 and the
electromagnetic description is now in terms of the Hamiltonian function, H, obtained from the Lagrangian by means
of a Legendre transformation
H = 2FLF − L. (5)
It can be shown thatH is a function depending on the electromagnetic invariant P, defined as P = 14PabP ab = (LF )2F .
Moreover, (by denoting the derivative of H with respect to P, as HP) it can be shown that HP = 1/LF ,
dH
dF
= LF + 2FLFF =
1
LF
d
dF
(
(LF )
2F
)
=
1
LF
dP
dF
⇒
(
dH
dF
)(
dP
dF
)−1
= HP = 1
LF
. (6)
Therefore, by using the previous relation and P = (LF )2F , the nonlinear electromagnetic Lagrangian, L(F ), in terms
of P and H, is given by L = 2PHP − H. Now, by using L = L(P), LF = LF (P), and the tensor Pab, the field
equations (2) can be written as,
Ga
b + Λδa
b = 8piEa
b, with 4piEa
b = −HPPacP bc + (2PHP −H)δab, (7)
Whereas the electromagnetic field equations (3) and (4) become
∇a(P ab) = 0 = ∇a[(∗P )aHP ], (8)
where (∗P )n, in terms of the components P ab, is given by
(∗P )n =
√−g
3
(
P trδn
φ + P rφδn
t + Pφtδn
r
)
, n = t, r, φ. (9)
The nonvanishing components of the electromagnetic field should be in agreement with the spacetime symmetries;
in the next subsection we determine the allowed electromagnetic fields in stationary metrics with cyclic symmetry.
A. Classification of NLED fields in stationary cyclic symmetric spacetimes
It turns out that the form of the electromagnetic field Pab admitted by the SCS spacetimes is not arbitrary, and
there is a theorem that classifies the nonlinear electromagnetic fields, fab, admitted by these kind of spacetimes [13],
that in coordinates { t, r, φ } can be written as
ds2 = gtt(r)dt
2 + 2gtφ(r)dtdφ+ gφφ(r)dφ
2 + grr(r)dr
2. (10)
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Through the constitutive relation Pab = LF fab the theorem can be easily formulated for Pab, in the following way.
Theorem 1. The general form of the stationary cyclic symmetric electromagnetic fields in (2 + 1)-dimensions in
general relativity coupled to nonlinear electrodynamics, with the electromagnetic field (P ab,H) given by,
Pαβ = LF f
αβ =
1√−g
 0 b −
3grrc√−g LF
−b 0 a
3grrc√−g LF −a 0
 = 1√−g
 0 b −
3grr√−g
c
HP
−b 0 a
3grr√−g
c
HP −a 0
 . (11)
Or in terms of its dual ∗P , as,
∗P =
grr√−g
c
HP dr +
a
3
dt+
b
3
dφ, (12)
where a, b and c are constants, that by virtue of the Ricci circularity conditions, are constrained to the cases
ac = 0 = bc, (13)
that gives rise to two disjoint branches or classes, the first being (class 1)
c 6= 0, a = 0 = b ⇒ ∗P = grr√−g
c
HP dr, (14)
while the second branch is (class 2),
c = 0 ⇒ ∗P = a
3
dr +
b
3
dφ, (15)
with its own sub-classes; subclass 2.a with a 6= 0 and b = 0; and sub-class 2.b with b 6= 0 and a = 0.
If the SCS metrics can be interpreted as BHs, then the electromagnetic invariants can diverge at the BH horizon,
in the following subsection we analyze when this occurs.
B. Behavior of the electromagnetic invariants P and F in stationary cyclic symmetric spacetimes
Let us consider the general form for SCS (2+1) spacetimes in coordinates { t, r, φ },
ds2 = −N2(r)dt2 + dr
2
H2(r)
+ r2(dφ+ ω(r)dt)2, (16)
where N(r), H(r) and ω(r) are functions depending only on the radial coordinate. In these metrics the nonvanishing
electromagnetic field components, Pab calculated from the matrix (11), are,
Ptr =
−N2b+ (bω − a)r2ω
rHN
, Ptφ =
3c
HP , Prφ =
(a− bω)r
HN
, (17)
or in terms of the orthonormal tetrad (see Appendix I) P(a)(b) are,
P(0)(1) = − b
r
, P(0)(2) =
3c
rNHP , P(1)(2) =
a− bω
N
. (18)
Specifically for the branch c 6= 0, a = 0 = b or class 1, it is obtained that P = Ptφdt ∧ dφ = P(0)(2)θ(0) ∧ θ(2); these
solutions are called hybrid in [14].
For the electromagnetic invariants, calculated using Eq. (11), the following considerations apply:
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1. In the class 1 c 6= 0, the invariants F and P are given by,
F = − 9c
2
r2N2
⇒ P = − 9c
2
r2N2H2P
(19)
If the metric (16) allows a black hole interpretation, then the event horizons rh will be identified as the zeros
of the function N(r), i.e., N(rh) = 0. This means that for NLED in the branch c 6= 0, the construction of
black holes with invariant P regular at rh is possible only if HP(rh)N(rh) does not vanish at rh; necessarily the
invariant F will not be well defined at r = rh. Specifically, for Maxwell-electrodynamics F = P and according
to Eq. (19), in this branch there no exist three-dimensional charged rotating black holes with well defined
electromagnetic invariants at rh.
2. In the class 2 a 6= 0 6= b, the invariants F and P are given by
P = − b
2
r2
+
(a− bω)2
N2
⇒ F = −b
2H2P
r2
+
(a− bω)2H2P
N2
. (20)
Now, specifically when (a − bω(rh))/N(rh) and H2P (rh) are finite, then the construction of black holes with F
and P well defined at r = rh is possible.
While in the sub-class 2.a a 6= 0 = b, only if HP(rh)/N(rh) is finite, it is possible to construct BHs with well
defined invariant F at r = rh, but P will be singular there. In the sub-class 2.b b 6= 0 = a, only if HP(rh) and
ω(rh)/N(rh) are finite, it is possible to construct BHs with well defined invariants F and P at r = rh.
In this paper we present two solutions, the first one corresponding to class 1 (analyzed in the next section),
characterized by the invariants in Eq. ( 19 ) and such that P(rh) is finite but F diverges. The second solution belongs
to sub-class 2.a (section V), and is such that, when the solution admits black hole interpretation, F (rh) is finite at
the horizon but P(rh) diverges.
Approaching nonlinear electrodynamics it is under debate which one of the electromagnetic fields fab or Pab is the
most physically significant. We quote the opinion by Plebanski in [12], page 21: We will consistently accept the point
of view that Pab is fundamental and fab the secondary object.; then regarding the divergence of F or P, sticking to
this view, it is the first of our solutions the most physically interesting, with F (rh) divergent and P(rh) finite at the
horizon (in the cases where the solution admits a BH interpretation).
C. Charged generalizations of the rotating BTZ in Maxwell electrodynamics
In the linear limit or Maxwell electrodynamics, i.e., L(F ) = F = P = H(P ), one charged rotating generalization of
the BTZ black hole is the Martinez-Teitelboim-Zanelli (MTZ) solution [5], that includes, besides the AdS parameter
l, the mass M , an electric charge Q and the angular velocity of the boost ω0. This solution was obtained from the
static one (ω0 = 0), given by
ds2 = −
(
−M + r
2
l2
− Q
2
4
ln r2
)
dt2 +
dr2
−M + r2l2 − Q
2
4 ln r
2
+ r2dφ2; (21)
by the application of the SL(2, R) symmetry, through the Lorentz boost
t˜→ t− ω0φ√
1− ω20l2
, φ˜ =
φ− ω0l2 t√
1− ω20l2
, (22)
it is obtained the MTZ solution,
ds2 = −
[
r2
l2
− l
2
l2 − ω20
Z(r)
]
dt2 +
[
r2 +
l2ω20
l2 − ω20
Z(r)
]
dφ2 +
dr2
r2
l2 − Z(r)
− 2l
2ω0
l2 − ω20
Z(r)dtdφ, (23)
Z(r) =
(
M +
Q2
4
ln r2
)
, A = − Q ln r
2
√
1− ω20/l2
(dt− l2ω0dφ). (24)
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Another example of a rotating solution obtained by means of the coordinate transformation (22) is the Clement’s
spinning charged BTZ solution [10], given by
ds2 = −
(
W (r)− ω
2
0
l4
r2
)
dt2 +
(
r2 − ω20W (r)
)
dφ2 − 2ω0Q2 ln
(
r2
r20
)
dtdφ+
dr2
W (r)
(25)
W (r) =
r2
l2
−Q2 ln
(
r2
r20
)
, A =
Q
2
ln
(
r2
r20
)
(dt− ω0dφ). (26)
Both solutions (23) and (25) allow a black hole interpretation.
In the context of nonlinear electrodynamics in (2+1)-gravity with cosmological constant there is a solution in the
subclass 2.b (a = 0, b 6= 0) derived by Cataldo and Garcia [11]; this is a SCS solution of the form (16) with
N2(r) = H2(r) = −M − Λr2 − q2 ln(r2 + a2), ω(r) = 0,
LNLED(r) =
q2
8pi
r2 − a2
(r2 + a2)2
, E(r) =
qr3
(r2 + a2)2
, (27)
where q is an electromagnetic charge and LNLED(r) is the NLED field; in case q = 0 the static BTZ–BH is recovered.
Alike the previous mentioned solutions, the presence of logarithmic terms in the metric components lead to divergences
on the energy–momentum quantities at infinity and therefore the metric asymptotics are different from the BTZ one.
In contrast, the NLED generalization of the rotating BTZ black hole that we present in the next section is asymp-
totically BTZ.
III. NLED GENERALIZATION OF THE ROTATING BTZ BLACK HOLE
The gravitational field of the derived hybrid (c 6= 0) stationary solution is given by the metric
ds2 = −N2(r)dt2 + (2Mr
2 − J2)2
S2(r)N2(r)
dr2 + r2
[
dφ+
(
S(r)
2Jr2
−
√
M2 − cλ
J
)
dt
]2
, (28)
with
N2(r) = −M − Λr2 + J
2
4r2
, S2(r) = J4 − 4J2Mr2 + 4(M2 − cλ)r4, ω(r) = S(r)
2Jr2
−
√
M2 − cλ
J
. (29)
The solution is characterized by the mass M , angular momentum J , cosmological constant Λ that can be positive (de
Sitter) or negative (anti-de Sitter), and the electromagnetic parameter cλ that can be positive or negative. Note that
the lapse function N(r) is the same as for the stationary BTZ–BH, but the rest of the metric functions are higher
order polynomials. In figure (1) the metric function N2(r) is shown for different values of J . The specific function H,
determining the nonlinear electrodynamics source, is given by
H = H(P(r)) =
cλ
(
4ΛMr6 − 6J2Λr4 − 3J2Mr2 + J42
)
(−2Mr2 + J2)3 with 1 < λ < 2, (30)
The electromagnetic invariant P(r) and HP = H,r/P,r are given, respectively, by
P(r) = −1
2
(
3c
rNHP
)2
= −J
4c2λ−2
72
(−4Λr4 − 4Mr2 + J2)3
(−2Mr2 + J2)6 , (31)
HP = − 36c
2−λ(−2Mr2 + J2)3
J2(−4Λr4 − 4Mr2 + J2)2 . (32)
6
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FIG. 1. The lapse function N2(r) is shown for different values of J , and fixed values of mass M = 1 and Λ = 1.5. Notice that
if J > 1 the function has no real zeros.
Whereas the invariant F is F = H2PP = −9c2/(2r2N2(r)). At spatial infinity the nonvanishing electromagnetic field
component goes to a constant, P(0)(2)(r 7→ ∞) = J2cλ−1/(6M3l3).
The corresponding curvature invariants are given by
R =
A1(r)
(−2Mr2 + J2)3 , (33)
RαβR
αβ =
A2(r)
(−2Mr2 + J2)6 , (34)
RαβµνR
αβµν =
A3(r)
(−2Mr2 + J2)6 , (35)
being An(r), with n = 1, 2, 3, polynomial functions on r, that do not cancel the factors (−2Mr2 + J2) in the
denominator. The region determined by r = rs = J/
√
2M , corresponds then to a curvature singularity since the
invariants, (33), (34), (35), blow up at r = rs.
A. BTZ–limit cases
The BTZ limit is obtained in two cases: (i) by turning off the electromagnetic field we get the stationary BTZ-BH;
and (ii) when J 7→ 0 that corresponds to a static BTZ-BH. Moreover, at infinity r 7→ ∞, we recover the static
BTZ–BH. In what follows we give the details of these limits.
• Limit c→ 0, with J 6= 0
For c = 0, the electromagnetic field is turned off, Pab = 0. Moreover, in this case the function S
2(r) becomes
S2(r) = J4 − 4J2Mr2 + 4M2r4 = (2Mr2 − J2)2 , and then the line element (29) takes the form,
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ds2 =−
(
−M − Λr2 + J
2
4r2
)
dt2 +
dr2(−M − Λr2 + J24r2 ) + r2
[
dφ+
(
2Mr2 − J2
2Jr2
− M
J
)
dt
]2
(36)
=−
(
−M − Λr2 + J
2
4r2
)
dt2 +
dr2(−M − Λr2 + J24r2 ) + r2
(
dφ− J
2r2
dt
)2
, (37)
which (for M > 0, and Λ = −1/l2, i.e. Λ < 0) corresponds to the rotating BTZ black hole solution.
• Limit J → 0, with c 6= 0 In this case it is obtained that,
lim
J→0
S2(r) = 4(M2 − cλ)r4, lim
J→0
(
S(r)
2Jr2
−
√
M2 − cλ
J
)
= 0, lim
J→0
N2(r) = −M − Λr2, (38)
then, the line element (28), takes the form,
ds2 = − (−M − Λr2) dt2 + M2
(M2 − cλ) (−M − Λr2)dr
2 + r2dφ2. (39)
That by renaming
M˜ =
(M2 − cλ)
M
, Λ˜ =
(M2 − cλ)Λ
M2
, (40)
can be written as
ds2 = −
(
−M˜ − Λ˜r2
)
dt˜2 +
1(
−M˜ − Λ˜r2
)dr2 + r2dφ2, with t˜ = M2
(M2 − cλ) t. (41)
On the other hand, in this case the quantities H of (30), and PHP of (31) and (32), become
H = H(P(r)) = − c
λΛ
2M2
, PHP = 0, (42)
Then the action (1), with L = 2PHP −H, becomes,
S[gab, Aa] =
∫
d3x
√−g
(
1
16pi
(R− 2Λ) + 1
4pi
cλΛ
2M2
)
=
∫
d3x
√−g
(
R− 2Λ˜
16pi
)
, (43)
and the metric (41) for M˜ > 0, and Λ˜ = −1/l˜2, (i.e. Λ˜ < 0) corresponds to the static BTZ black hole solution.
• BTZ Asymptotic behavior r 7→ ∞
In order to show that at infinity the solution is the static BTZ, we determine the asymptotic form of the metric
at r 7→ ∞, in this limit the metric components behave like,
lim
r→∞
(2Mr2 − J2)2
S2(r)
=
M2
(M2 − cλ) , limr→∞
(
S(r)
2Jr2
−
√
M2 − cλ
J
)
= 0, lim
r→∞N
2(r) = −M − Λr2, (44)
then, the line element (28), takes the same form as Eq. (39), and therefore by renaming to M˜, Λ˜ and t˜ the
metric acquires the static BTZ form, Eq. (41).
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B. Behavior of the solution
In this subsection we address the different cases arising from the nature of the roots of the metric functions N(r)
and S(r), i.e. the interpretation of the solution depends if the roots are real or complex.
We shall consider that Λ = −1/l2 in order that the solution (28)–(29) has the AdS asymptotics; also that (M2−cλ) > 0.
To clarify the analysis of the roots, we shall use the re-scaling as in [15], that will be denoted with a hat,
tˆ =
t
√
M
l
, rˆ =
r
l
√
M
, φˆ =
√
Mφ, Jˆ =
J
lM
, Qˆ =
M2 − cλ
M2
. (45)
The line element is then
ds2 =−
(
Jˆ2
4rˆ2
+ rˆ2 − 1
)
dtˆ2 +
(Jˆ2 − 2rˆ2)2
(Jˆ2/4rˆ2 + rˆ2 − 1)(Jˆ4 − 4Jˆ2rˆ2 + 4Qˆrˆ4)drˆ
2
+ rˆ2
dφˆ+

√
Jˆ4 − 4Jˆ2rˆ2 + 4Qˆrˆ4
2Jˆ rˆ2
−
√
Qˆ
Jˆ
 dtˆ
2 . (46)
Thus, the roots of the functions N2(r) and S2(x) defined in (29) are given, respectively in terms of Qˆ and Jˆ , given
in Eq. (45), by,
rˆ2± =
1
2
(
1±
√
1− Jˆ2
)
; xˆ2± =
Jˆ2
2Qˆ
(
1±
√
1− Qˆ
)
, (47)
where rˆ± are the roots of N2(r) and xˆ± are the roots of S2(r).
Clearly for all Jˆ and Qˆ ∈ R such that rˆ± and xˆ± are real numbers, it is fulfilled that,
(rˆ−)2 ≤ rˆ2s ≤ (rˆ+)2 and (xˆ−)2 ≤ rˆ2s ≤ (xˆ+)2, (48)
where the singularity radius is rˆs =
Jˆ√
2
. The roots (rˆ−)2 and (rˆ+)2, of N(r), coincide only when Jˆ = 1. In this case
we have that (rˆ−)2 = (rˆ+)2 = rˆ2s = 1/2. Similarly, the roots (xˆ−)
2 and (xˆ+)
2, are equal if Qˆ = 1, implying that
(xˆ−)2 = (xˆ+)2 = rˆ2s = Jˆ
2/2.
The solution presents different features depending on the range of the parameters Qˆ and Jˆ , that we classify in the
following cases,
1. BH with one event horizon at rˆh = rˆ+: Case rˆ+ ∈ R+ and xˆ+ ∈ C.
By restricting to Qˆ > 1, from Eq. (47), it is obtained that S(r) has no real roots, i.e. S2(r) ∈ {R+ − {0}},
for all r and xˆ± ∈ C. If, additionally, we restrict to Jˆ ≤ 1, then the two roots of N(r), N2(rˆ±) = 0, are real.
According to Eq. (48), in (2 + 1)-dimensions, the region rˆ = rˆ− is completely enclosed by the singularity at
rˆ = rˆs; therefore the region rˆ = rˆ− cannot be reached by any observer.
It turns out that there is a stationary limit, the component gtt of the metric (46), vanishes at rˆ = rˆerg, given by
rˆ2erg =
2Qˆ+
√
Qˆ(Jˆ4 + 4Qˆ− 4Jˆ2Qˆ)
4Qˆ− Jˆ2 > rˆ+. (49)
The region at rˆerg is then an ergoregion that lies outside of the horizon.
If the electromagnetic field is turned off, c = 0⇒ Qˆ = 1, then, the ergoradius reduces to rˆ2erg = 1 or rerg = l2M
that consistently corresponds to the ergoregion of the BTZ black hole, since when Qˆ = 1 the BTZ solution is
recovered.
9
In figure (2) we can see that the region rˆ = rˆs is completely enclosed by the region rˆ = rˆ+, and the following
inequality is met
rˆs < rˆh = rˆ+ < rˆerg.
Hence, for the setting of parameters { Λ = −1/l2, Qˆ > 1, Jˆ ≤ 1 }, the metric (46) has the structure of a
(2 + 1)-dimensional charged rotating AdS black hole, with event horizon at rˆ = rˆh =
√
1
2
(
1 +
√
1− Jˆ2
)
, and
curvature singularity at rˆ = rˆs =
Jˆ2
2 , in this way generalizing the rotating BTZ black hole; this is illustrated in
Fig. 2.
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FIG. 2. One horizon BH case is illustrated. To the left Qˆ=1.2. The dashed curve represents the curvature singularity rˆs, the
purple curve is the event horizon rˆ+ and the orange one (exterior curve) is the ergoregion radius rˆerg. The root rˆ− (not shown
in the plot) is inside rˆs.
2. BH with two horizons: Case rˆ+ ∈ R+ and xˆ+ ∈ R+.
According to Eqs. (47), by assuming that Jˆ ≤ 1 and Qˆ ≤ 1 then the roots are real, and in this case there are
two horizons and one ergoregion, this is depicted in figure (3).
There are two regions of interest, the first region rˆs < xˆ+ < rˆ+ < rˆerg, where the inner horizon rˆ
in
h is rˆ
in
h = xˆ+
while the outer horizon rˆouth is rˆ
out
h = rˆ+. In the second region there is an interchange on the position of the
horizons, such that rˆs < rˆ+ < xˆ+ < rˆerg.
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FIG. 3. The two horizon BH case is shown. The parameters Qˆ and Jˆ are both less than 1; to the left Qˆ = 0.5. The dashed
curve represent the curvature singularity rˆs, the dotted one is xˆ+, the purple curve is rˆ+ and the exterior curve represents the
ergoregion rˆerg. In the graphic in the middle xˆ+ is the inner horizon and rˆ+ is the outer one. In the graphic to the right the
positions of the horizons are switched.
2b. BH by complex extension. Case rˆ+ = xˆ+.
In this case we have a BH with one horizon, with the roots of N(r) and S(r) being real and such that rˆ+ = xˆ+.
This case occurs if Jˆ =
√
Qˆ. Substituting into Eq. (49) it gives the ergoregion radious rˆerg,
rˆ2erg =
2
3
(
1 +
√
1− 3
4
Jˆ2
)
, (50)
such a region exists if Jˆ2 ≤ 4/3, that is always true since Jˆ2 ≤ 1. Also it is fulfilled that rˆ+ = xˆ+ < rˆerg as we
can see in figure (4).
r+	=	x+
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rreg
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0.8
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J	=	Q1/2
−1 −0.5 0 0.5 1
FIG. 4. The case where the roots of S(r) and N(r) coincide, rˆ+ = xˆ+ for Jˆ =
√
Qˆ.
In this case the line element (46) takes the form
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ds2 = −
(
Jˆ2
4rˆ2
+ rˆ2 − 1
)
dtˆ2 +
(Jˆ2 − 2rˆ2)2
4Jˆ2rˆ2
(
Jˆ2
4rˆ2 + rˆ
2 − 1
)2 drˆ2
+rˆ2
dφˆ+
1
rˆ
(
Jˆ2
4rˆ2
+ rˆ2 − 1
)1/2
− 1
 dtˆ
2 . (51)
which is valid for the domain rˆ ≥ rˆh = rˆ+ = xˆ+.
However in the region rˆs ≤ rˆ < rˆ+, it turns out that N2(r) ≤ 0; this implies that the line element changes its
signature and is a complex metric.
Now, by the complex transformation t˜ = itˆ, φ˜ = φˆ− tˆ, the metric becomes real, this is
ds2 = −
(
1− rˆ2 − Jˆ
2
4rˆ2
)
dt˜2 +
(Jˆ2 − 2rˆ2)2
4Jˆ2rˆ2
(
1− rˆ2 − Jˆ24rˆ2
)2 drˆ2 + rˆ2
dφ˜+
1
rˆ
√√√√(1− rˆ2 − Jˆ2
4rˆ2
) dt˜
2 . (52)
one can see that the signature of the metric is the same in both regions, in the inner region (rˆs ≤ rˆ ≤ rˆ+) while
in the outer region (rˆ+ ≤ rˆ ≤ ∞), being rˆ+ = xˆ+ the extreme black hole eventBH horizon.
C. Geodesic equations
We briefly sketch the main features of geodesics for massive and massless test particles in the neighborhood of the
BH. In a static and axisymmetric spacetime, the energy E and the angular momentum Lz of a test particle of mass
m and momentum P i = mdx
i
dτ , with x
i = t, r, φ and τ being the affine parameter along the geodesics, are conserved
quantities,
E = −Pt = (N2(r)− r2ω2)mt˙− r2ωmφ˙,
Lz = Pφ = r
2ωmt˙+ r2mφ˙, (53)
where the functions N2(r) and ω(r) are defined in equations (29) and the dot represents the derivative with respect
the parameter τ .
The geodesic equations are
t˙ =
1
N2(r)
(E + ωLz), (54)
φ˙ =
1
N2(r)
(
N2(r)
r2
Lz − ω(E + ωLz)
)
, (55)
N2(r)
H2(r)
r˙2 = (E + ωLz)
2 +N2(r)
(
Lz
r2
− α
)
, (56)
where from now on E and Lz are the energy and angular momentum per unit of mass. The constant α is determined
by the scalar product gij dx
i
dτ
dxj
dτ = α, and can take the values {-1, 0, 1 }, corresponding to time, null and space-like
geodesics respectively.
We solve the radial equation (56) for E at the turning points r˙ = 0, and write down the solution in terms of the
hat variables given in (45)
Eˆ± = −ωˆLˆz ± 1
rˆ
√
Nˆ2(rˆ)(Lˆ2z − αrˆ2), (57)
where we are defining
Eˆ =
E√
M
, Lˆz =
Lz
l
√
M
, ωˆ = lω, Nˆ2(rˆ) =
N2(r)
M
. (58)
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In Fig. (5) is shown the solution (57) for the case rˆ+ ∈ R+, xˆ+ ∈ C, the other cases have a similar behaviour: massive
particles are always trapped in the BH, but massless not necessarily; the regions between the plots are forbidden.
Negative energy states exist in the ergoregion, that, in principle, enables the Penrose process by massless particles.
α=0
α=-1
r+
α=-1
α=0
α=1
E	+ E	-
En
erg
y
−6
−4
−2
0
2
4
6
r
1 1.5 2 2.5 3 3.5 4
FIG. 5. The energy of test particles at the turning points in the potential of the BH. We observe regions with negative energy
then the Penrose energy extraction mechanism would be possible. In this plot Jˆ = 0.5, Lˆz = 3, Qˆ = 1.2; α = −1, 0, 1, for time,
null and space-like geodesics respectively.
Rewriting the radial equation (56), we have
ˆ˙r2 = −Eˆ2
Nˆ2(rˆ) Lˆz2
rˆ2Eˆ2
−
(
1 + ωˆ
Lˆz
Eˆ
)2
− αNˆ
2(rˆ)
Eˆ2
 4Jˆ2rˆ4ωˆ2
(Jˆ2 − 2rˆ2)2 , (59)
and using ˆ˙r2 = Eˆ2 − V 2eff , we can identify the effective potential term as
V 2eff = Eˆ
2
1 +
Nˆ2(rˆ) Lˆz2
rˆ2Eˆ2
−
(
1 + ωˆ
Lˆz
Eˆ
)2
− αNˆ
2(rˆ)
Eˆ2
 4Jˆ2rˆ4ωˆ2
(Jˆ2 − 2rˆ2)2
 , (60)
that is depicted in Fig. 6 jointly with the BTZ effective potential.
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FIG. 6. The effective potential that feels a test particle in the BH spacetime, compared with the BTZ effective potential; the
effective potentials asymptotically tend to the BTZ one. α = 0 is for massless particles while α = −1 corresponds to massive
particles. The values of the parameters are Jˆ = 0.5, Eˆ = 5, Lˆz = 3, and the charge is varied as Solid curve: Qˆ = 1.2, dotted
curve: Qˆ = 0.6, BTZ (dashed): Qˆ = 1 .
From Fig. 6 we see that for timelike geodesics (massive test particles) there is a barrier with unstable circular
geodesics at its maximum; while for larger r it is monotonically decreasing, showing then the absence of stable
circular orbits, very similar to the BTZ effective potential. For the null geodesics (massless particles) the effective
potential is monotonically decreasing as the particle approaches the BH, i.e. the behavior is Schwarzschild-like. More
details on the BTZ–BH geodesics may be consulted in [15].
D. Wormhole Interpretation
Due to the extraordinary connection between entanglement and wormholes recently suggested by Maldacena and
Susskind [16], the interest in wormhole geometries have been renewed.
In this subsection we shall determine the setting of the parameters in order that the solution (46) admits a traversable
wormhole (WH) interpretation.
The general metric of a (2 + 1)-dimensional SCS-WH is given by
ds2wh = −e2Φ(r)dt2 +
dr2
1− b(r)r
+ r2[dφ+ ω(r)dt]2, (61)
where, according to [17], Φ(r) and b(r) are functions of the radial coordinate r. Φ(r) is called the red-shift function,
for it is related to the gravitational redshift; whereas b(r) is the shape function. The radial coordinate has a range
that increases from the minimum value r0 (WH throat b(r0) = r0) up to r →∞.
On the other hand, for the WH to be traversable, one must demand the absence of event horizons, which are
identified as the regions where e2Φ(r) = 0; if e2Φ(r) is a continuous, nonvanishing and finite function in the whole range
of r, r ∈ [r0,∞), then there are no horizons.
Besides, for a WH be traversable it is required the fulfilment of the flaring out condition (deduced from the
mathematics of embedding), given by
b(r)− rb(r),r
b2(r)
> 0. (62)
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Note that at the throat b(r0) = r0, and the flaring out condition reduces to b,r(r0) < 1. Connecting with the energy
momentum tensor E(α)(β) through the Einstein field equations, the flaring out condition is equivalent to the violation
of the Null Energy Condition (NEC), which establishes that E(α)(β)n
(α)n(β) ≥ 0 for a null vector n(α) [see Appendix
II for details]. To preserve the signature of the metric the condition (1− b/r) ≥ 0 is also imposed.
Having established these WH generalities, we will show that for certain setting of the parameters the general solution
(46) represents a traversable (2 + 1)-dimensional charged and rotating WH.
By comparison between the line elements (16) and (61), we obtain,
e2Φ(r) = N2(r), 1− b(r)
r
= H2(r) =
N2(r)S2(r)
(2Mr2 − J2)2 , ω(r) =
S(r)
2Jr2
−
√
M2 − cλ
J
, (63)
with the metric functions given by (29).
Recalling that the roots of N2(r) are given in Eqs. (47), rˆ2± =
1
2
(
1±
√
1− Jˆ2
)
, then by demanding that Jˆ > 1, it
turns out that the roots are complex, i.e. N(r) = 0 has no real roots; then e2Φ(r) = N2(r) ∈ {R+ − {0}}, for all r,
and no horizons occur.
If additionally it is imposed that Qˆ < 1 then one can define a domain, r ∈ [rˆ0,∞) with rˆ0 given by H2(rˆ0) = 0, i.e,
rˆ0 is the WH throat,
rˆ20 = xˆ
2
+ =
Jˆ2
2Qˆ
(
1 +
√
1− Qˆ
)
, (64)
such that for all r ∈ (rˆ0,∞) it is fulfilled that ω(r) > 0, 1− b(r)/r > 0 and b(r0) = r0.
Moreover the WH is traversable because the flaring out condition is fulfilled, i.e. b′(r0) < 1. By using b(r) in (62),
one finds that
−2(Jˆ
2 − Qˆ)√
1− Qˆ
< 0, ⇒ Jˆ2 > Qˆ, (65)
that is always true because we have assumed Jˆ > 1 and Q ≤ 1. Thus, the flaring out condition is satisfied and
therefore the metric admits a traversable WH interpretation.
In summary, for the setting of parameters
{
Jˆ > 1, Qˆ < 1
}
, the metric (46) has a structure of (2 + 1)-dimensional
stationary cyclic symmetric AdS wormhole metric with domain r ∈ [r0,∞), the wormhole throat located at r = r0,
and characterized by the red-shift function Φ(r), shape function b(r), and ω(r) given, respectively, by (63). Moreover,
there exists a stationary limit if 1 < Jˆ < 2
√
Qˆ i.e. a region where gtt = −N2(r)− ω2(r) = 0. The radios rˆ0 and rˆerg
are depicted in figure (7); the singularity rˆs does not belong to the WH spacetime.
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FIG. 7. The WH case: throat and ergoregion are illustrated. The dashed line is the curvature singularity, rˆs, not included
in the WH space; the dotted one is the throat r0 = xˆ+, and the solid curve represents the stationary limit, present only if
1 < Jˆ < 2
√
Qˆ. Jˆ > 1 and Qˆ ≤ 1, to the left Qˆ = 0.6.
For self-consistency, the violation of NEC can be checked as well, determining that the contribution of exotic mater
is necessary and is the responsible for keeping open the WH-throat. Calculating E(α)(β)n
(α)n(β) for the null vector
n = (1, 1, 0), it is obtained that,
8piE(α)(β)n
(α)n(β) = 8pi
(
E(0)(0) + E(1)(1)
)
= 2H+ 2(2PHP −H) = 4PHP , (66)
thus, for all r in the WH domain it is fulfilled that,
2piE(α)(β)n
(α)n(β) = PHP =
2Jˆ2rˆ2
(
Jˆ2
4rˆ2 + rˆ
2 − 1
)
(1− Qˆ)
(Jˆ2 − 2rˆ2)3 < 0, (67)
since, Qˆ < 1, Nˆ2(rˆ) =
(
Jˆ2
4rˆ2 + rˆ
2 − 1
)
> 0 and (Jˆ2 − 2rˆ2)3 < 0, for all r in the wormhole domain.
In Fig. (8) the parameter space (Qˆ, Jˆ) is shown. Several remarks arise regarding the ranges of the parameters; for
instance, BHs do not admit an arbitrarily large angular momentum, but Jˆ ≤ 1 or J ≤ lM , while the electromagnetic
parameter Q may be arbitrarily large. The WH does not admit a static limit, since the decreasing of Jˆ turns the WH
into a BH. Moreover, it can be seen that starting from the region with two horizons–BH, it is possible to go to the
WH region if the angular momentum is increased; or to the region of BH with a single horizon if the electric charge
is increased, holding the angular momentum J less than lM .
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FIG. 8. The parameter space (Qˆ, Jˆ) is ullustrated. In the two horizon–BH region the curve given by Jˆ =
√
Qˆ signals where
the exchange of horizons xˆ+ and rˆ+ occurs. Notice that holding Jˆ ≤ 1 and increasing the electric charge such that Qˆ > 1, it is
possible to go from the two horizon–BH to the one horizon–BH region. In the WH region, observe that if Jˆ < 2
√
Qˆ the WH
admits an ergosphere region.
In what follows we back to the notation of parameters without hat.
IV. THE MAGNETIC NLED GENERALIZATION OF THE STATIONARY BTZ BLACK HOLE
In this section we present the magnetic NLED generalization of the stationary BTZ black hole, that is a solution
of the field equations in the sub-branch a 6= 0, b = 0 = c. The field equations are explicitly written in the Appendix
I. In this case the only non-null electromagnetic component P(α)(β) is given by
P(1)(2) =
a
N(r)
, (68)
that vanishes at spatial infinity. The function H(P), determining the nonlinear electrodynamics source, is given by
H(P(r)) = − a
sr4
2(4Λr4 + J2)
, with s > 1 and as ∈ R, (69)
while the metric is
ds2 = −N2(r)dt2 + (4Λr
4 + J2)2
Y 2(r)N2(r)
dr2 + [dφ+ ω(r)dt]
2
, (70)
with,
N2(r) =
(
−M − Λr2 + J
2
4r2
)
, Y 2(r) =
[
J4 + 8J2Λr4 + 4(4Λ2 − as)r8] , (71)
ω(r) = W (r)− Y (r)
2Jr2
, W (r) =
∫ r 4[(4Λ2 − as)ξ4 + J2Λ]ξ
J
√
4(4Λ2 − as)ξ8 + 8J2Λξ4 + J4 dξ. (72)
17
The electromagnetic invariants, P and F are given by (20) with b = 0,
P(r) = 2a
2
−4M + J2r2 − 4Λr2
, (73)
F (r) = H2PP =
(H,r
P,r
)2
P = a
2s−2J4
2
(−4Λr4 − 4Mr2 + J2)3
(4Λr4 + J2)6
r6. (74)
The invariant F is regular in the whole spacetime except in the region determined by r =
(
− J24Λ
)1/4
, that corresponds
to a curvature singularity, according to the curvature invariants,
R =
B1(r)
(4Λr4 + J2)3
, (75)
RαβR
αβ =
B2(r)
(4Λr4 + J2)6
, (76)
RαβµνR
αβµν =
B3(r)
(4Λr4 + J2)6
, (77)
where Bn(r), n = 1, 2, 3, are polynomial functions on r, that do not cancel the factors (4Λr4+J2) in the denominator,
then the invariants are finite for all r except at r =
(
− J24Λ
)1/4
. Notice that if Λ is positive, the curvature invariants
do not diverge and the solution is non-singular; this case still may have a BH interpretation with the horizon given
by z2− = (M −
√
M2 + ΛJ2)/(−2Λ).
The roots of the functions N2(r) and Y 2(r) are given, respectively, by
N2(r) = −M − Λr2 + J
2
4r2
, N2(z±) = 0, (z±)2 =
M ±√M2 + ΛJ2
−2Λ (78)
Y 2(r) = 4(4Λ2 − as)r8 + 8J2Λr4 + J4, Y 2(y±) = 0, (y±)2 =
√
− J
2
2(2Λ±√as) . (79)
It is easy to see that for any M , a, s, J , Λ ∈ R such that z± and y± are real numbers, it is fulfilled that,
(z−)2 ≤ r2s ≤ (z+)2 and (y−)2 ≤ r2s ≤ (y+)2, (80)
The quantities (z−)2 and (z+)2 are equal only when Λ = −M2/J2. In this case we have that (z−)2 = (z+)2 = r2s =(
− J24Λ
)1/2
. Similarly, (y−)2 and (y+)2, are equal to each other only when a = 0, implying that (y−)2 = (y+)2 = r2s =(
− J24Λ
)1/2
. In what follows we briefly address some particularly interesting cases.
A. BTZ–BH limit
1. Limit a→ 0 with J 6= 0
If as = 0 then the electromagnetic field vanishes, P = 0. In this case the function Y 2(r) becomes Y 2(r) =
(4Λr4 + J2)2. Whereas W (r) becomes W (r) = 2Λr
2
J , and then,
ω(r) = W (r)− Y (r)
2Jr2
=
2Λr2
J
− 4Λr
4 + J2
2Jr2
= − J
2r2
. (81)
Then the line element (71) takes the form,
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ds2 = −
(
−M − Λr2 + J
2
4r2
)
dt2 +
dr2(−M − Λr2 + J24r2 ) + r2
(
dφ− J
2r2
dt
)2
, (82)
that if M > 0, Λ = −1/l2 < 0, corresponds to the stationary BTZ-BH metric.
2. Limit J → 0 with a 6= 0 In this limit the metric functions acquire the forms
lim
J→0
(
W (r)− Y (r)
2Jr2
)
= lim
J→0
1
J
(∫ r 4[(4Λ2 − as)ξ4 + J2Λ]ξ√
4(4Λ2 − as)ξ8 + 8J2Λξ4 + J4 dξ −
√
4(4Λ2 − as)r8 + 8J2Λr4 + J4
2r2
)
,
(83)
lim
J→0
(
W (r)− Y (r)
2Jr2
)
= lim
J→0
1
J
(∫ r√
4(4Λ2 − as)ξdξ −
√
4(4Λ2 − as)r2
2
)
= 0. (84)
Therefore the line element is
ds2 = − (−M − Λr2) dt2 + 4Λ2
(4Λ2 − as) (−M − Λr2)dr
2 + r2dφ2, (85)
that by renaming M and Λ as Mˆ = (4Λ
2−as)M
4Λ2 , Λˆ =
(4Λ2−as)Λ
4Λ2 can be written as
ds2 = − 4Λ
2
(4Λ2 − as)
(
−Mˆ − Λˆr2
)
dt2 +
dr2(
−Mˆ − Λˆr2
) + r2dφ2, (86)
and by rescaling 4Λ
2
(4Λ2−as) t→ t, it becomes
ds2 = −
(
−Mˆ − Λˆr2
)
dt2 +
dr2(
−Mˆ − Λˆr2
) + r2dφ2, (87)
that is the static BTZ-BH metric.
On the other hand, when J → 0 the quantities H and PHP reduce to
H = − a
s
8Λ
and PHP = 0. (88)
Therefore the action (1), with L = 2PHP −H, becomes,
S[gab, Aa] =
∫
d3x
√−g
16pi
(
R− 2Λ + a
s
2Λ
)
=
∫
d3x
√−g
16pi
(
R− 2(4Λ
2 − as)Λ
4Λ2
)
=
∫
d3x
√−g
16pi
(
R− 2Λˆ
)
. (89)
Confirming that the metric (87) for Mˆ > 0, and Λˆ = −1/l˜2, corresponds to the static BTZ black hole.
Now we just remark some interesting cases of the magnetically charged rotating BTZ-BH generalization without a
thorough analysis. In order that the solution (71) be AdS asymptotic, we should fix Λ = −1/l2 and (4Λ2 − as) > 0.
This solution has an electromagnetic invariant F = 14fαβf
αβ well defined in the interval (rs,∞). Regarding the
nature of the roots of the metric functions N(r) and Y (r) the interpretation resembles the one of the first solution,
analyzed in Section III.
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1. Case z+ ∈ R+ and y+ ∈ C: BH with event horizon at rh = z+.
If as < 0, M > 0 and (M2 + ΛJ2) > 0, the metric (71) becomes the one of a black hole, with one event horizon
at r+ = z+ =
√
M +
√
M2 + ΛJ2/−2Λ
2. BH with event horizon at z+ = y+ ∈ R+, with a 6= 0, or Λ 6= −M2/J2 In this case
M +
√
M2 + ΛJ2
−2Λ =
√
− J
2
2(2Λ +
√
as)
⇒ as =
(
− 2Λ
2J2(
M +
√
Λ2J2 +M2
)2 − 2Λ
)2
(90)
3. Charged rotating wormhole
If as > 0, 4Λ2 − as > 0, and (M2 + ΛJ2) < 0, then, z+ ∈ C and y+ ∈ R. Then, in this case the solution (71)
admits a traversable WH interpretation with wh-throat at r = y+.
V. SUMMARY
In this section we present a summary of the obtained results: We presented two exact solutions of Einstein’s
(2 + 1)-dimensional gravity coupled to nonlinear electrodynamics (NLED) in Anti-de Sitter spacetime. The solutions
are characterized by the mass M , angular momentum J , cosmological constant or (anti) de Sitter parameter Λ, and
an electromagnetic parameter Q. We showed that they represent black holes (BH) or wormholes (WH) depending
on the values of the parameters. The two solutions have as the uncharged limit the rotating BTZ black hole and
the asymptotics at spatial infinity corresponds to the static BTZ-BH, in contrast to other previously derived charged
stationary BTZ black holes within Maxwell electrodynamics; therefore the solutions we are presenting are NLED
generalizations of the stationary BTZ black hole. Moreover, in the limit of vanishing rotation we recover a NLED
static charged BTZ black hole. The derived solutions are singular at certain radius rs 6= 0, resembling the ring
singularity of the KerrNewman spacetime.
In the first section of the paper we introduced NLED in the hamiltonian formalism in terms of the electromagnetic
field Pµν and determined the classes of electromagnetic fields admitted by the stationary cyclic symmetric (SCS)
spacetimes. These classes are: class 1, with nonvanishing electromagnetic component P tφ and class 2 with nonvan-
ishing electromagnetic components P rt and P rφ. In case that the SCS solution admits a black hole interpretation we
showed that the electromagnetic invariants, P = PµνPµν , in the hamiltonian formalism H(P), and F = FµνFµν , in
the Lagrangian formalism L(F ), at least one of them diverges at the BH horizon; while in the Maxwell case, since
F = P , stationary BH solutions with regular electromagnetic invariants at the horizon are not admissible. Therefore
NLED allows a variety of solutions wider than Maxwell electrodynamics.
Then we presented the first solution, a BH that belongs to class 1, with electromagnetic invariant P being regular,
while F diverging at the horizon. The BH has one event horizon if
{
J/(lM) ≤ 1, (M2 − cλ)/M2 > 1}; and two
horizons if
{
J/(lM) ≤ 1, (M2 − cλ)/M2 ≤ 1}, both with an ergoregion covering the horizon. We briefly addressed
the geodesic motion of test particles, and solving for the turning points, we observe regions with negative energy, while
the effective potential barrier can be higher or lower than the BTZ one, but with the same asymptotics. Furthermore,
the solution admits a WH interpretation if the parameters are such that
{
J/(lM) > 1, (M2 − cλ)/M2 < 1} and it
presents an ergoregion if the inequality
{
1 < J/(lM) < 2
√
(M2 − cλ)/M
}
holds, this is illustrated by the parameter
space in Fig. (8).
Finally we derived a second solution, characterized by the parameters: mass, M , angular momentum, J , elec-
tromagnetic charge, as and cosmological constant Λ = −1/l2. The second solution belongs to subclass 2.a, with
electromagnetic invariant F being regular, while P diverges at the horizon. We showed that it is a black hole with the
appropriate BTZ limits: in the uncharged case the stationary BTZ–BH is recovered, while if the angular momentum
vanishes, the resulting solution is a charged static BTZ–BH. For the second solution we do not perform a thorough
analysis as for the first one, but the (polynomial) structure of the metric functions allows us to guess that the cases
are very likely than for the first solution. The difference being in that one solution is electrical while the second one
is magnetically charged.
Fig. (8) suggests that if we consider a two horizon–BH solution with Jˆ = 1 and Qˆ ≤ 1, then by means of a small
increase in its angular momentum (for instance by throwing into the BH some particles with the adequate angular
momentum) that makes Jˆ > 1 the BH would be transformed into a WH. Other possibilities of changing the parameters
Jˆ and Qˆ come to mind, that would let us pass from a BH to a WH or viceversa. It would be interesting to explore
such kind of transitions between BH and WH.
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APPENDIX I: FIELD EQUATIONS IN THE ORTHONORMAL BASIS
In this appendix we include the explicit form of the NLED field equations. For simplicity, one can define an
orthonormal frame {θ(0), θ(1), θ(2)}, which can be expanded in coordinate frame {t, r, φ} as,
θ(0) = Ndt, θ(1) =
dr
H
, θ(2) = r(dφ+ ωdt), (91)
in such a way that in this frame, the metric (16) can be written in diagonal form,
ds2 = g(α)(β)θ
(α)θ(β) = −(θ(0))2 + (θ(1))2 + (θ(2))2, (92)
where g(a)(b) = η(a)(b) with η(a)(b) = diag(−1, 1, 1), and hence in the orthonormal basis some calculations are simplified.
In order to calculate the non vanishing components of the Einstein tensor in the orthonormal frame, G(α)(β), we will
use the Cartan’s structure equations; dθ(α) = −ω(α)(β)∧θ(β) and 12R(α)(β)(ν)(µ)θ(ν)∧θ(µ) = dω(α)(β)+ω(α)(ν)∧ω(ν)(β),
where ω(α) is the connection 1–form, and the Riemann tensor components relative to the orthonormal frame are given
by
R(0)(1)(0)(1) =
H
N
[
(HN,r),r − r
2H
2N
(ω,r)
2
]
−
(
rHω,r
2N
)2
, (93)
R(0)(1)(1)(2) =
H
r
(
r2Hω,r
2N
)
,r
+
H2ω,r
2N
, (94)
R(0)(2)(0)(2) =
H2N,r
rN
+
(
rHω,r
2N
)2
, (95)
R(1)(2)(1)(2) = −HH,r
r
−
(
rHω,r
2N
)2
. (96)
The Ricci tensor R = R(ν)(µ)θ
(ν) ⊗ θ(µ) and the curvature scalar (or the Ricci scalar) “R” can be defined by
the contractions, so that the Ricci tensor components relative to the orthonormal frame are calculated as R(ν)(µ) =
η(α)(β)R(α)(ν)(β)(µ). Whereas the Ricci scalar, R = η
(ν)(µ)R(ν)(µ) is given by,
R = 2
[
−H
N
(HN,r),r +
(
rHω,r
2N
)2
− H
2N,r
rN
− HH,r
r
]
. (97)
whereas, the Einstein tensor components in the orthonormal basis are defined as G(ν)(µ) = R(ν)(µ) − R2 η(ν)(µ),
G(0)(0) = −
(
rHω,r
2N
)2
− HH,r
r
, (98)
G(1)(1) =
(
rHω,r
2N
)2
+
H2N,r
rN
, (99)
G(2)(2) =
H
N
(HN,r),r − 3
4
(
rHω,r
N
)2
, (100)
G(0)(2) = −H
r
(
r2Hω,r
2N
)
,r
− H
2ω,r
2N
. (101)
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By comparison between P written in the frame {dxα∧dxβ}xα,xβ=t,r,φ and the one written in {θ(α)∧θ(β)}(α),(β)=0,1,2,
it is obtained that,
P = Ptrdt ∧ dr + Prφdr ∧ dφ+ Ptφdt ∧ dφ = P(0)(1)θ(0) ∧ θ(1) + P(0)(2)θ(0) ∧ θ(2) + P(1)(2)θ(1) ∧ θ(2), (102)
from which it can be determined P(a)(b) in terms of Pab. On the other hand, the energy-momentum tensor components
in the frame {θ(0), θ(1), θ(2)} are given by,
4piE(α)(β) = (2PHP −H) η(α)(β) −HPP(α)(ν)P(β)(ν). (103)
Thus, one finds that the non null energy-momentum tensor components in the orthonormal frame become,
4piE(0)
(0) = −HP(P(0)(1)P (0)(1) + P(0)(2)P (0)(2)) + 2PHP −H, 4piE(1)(0) = −HPP(1)(2)P (0)(2), (104)
4piE(1)
(1) = −HP(P(1)(0)P (1)(0) + P(1)(2)P (1)(2)) + 2PHP −H, 4piE(2)(0) = −HPP(2)(1)P (0)(1), (105)
4piE(2)
(2) = −HP(P(2)(0)P (2)(0) + P(2)(1)P (2)(1)) + 2PHP −H, 4piE(2)(1) = −HPP(2)(0)P (1)(0). (106)
Since G(1)(2) = 0 = g(1)(2), then (via Einstein equations) one arrives at E(1)(2) = 0 ⇒ f(2)(0)f (1)(0) = 0 ⇒ bc = 0.
While, G(1)(0) = 0 = g(1)(0) together with bc = 0, implies ac = 0. This constitutes another way to prove the vanishing
conditions ac = 0 = bc, Eq. (13).
The field equations of general relativity (with cosmological constant) coupled to NLED in a stationary and cyclic
symmetric (2+1) spacetime, for the branch c 6= 0, written in the orthonormal frame become,
G(0)
(0) = 8piE(0)
(0) − Λδ(0)(0) ⇒
(
rHω,r
2N
)2
+
(H2),r
2r
= −2H− Λ, (107)
G(1)
(1) = 8piE(1)
(1) − Λδ(1)(1) ⇒
(
rHω,r
2N
)2
+
H2N,r
rN
= 2 (2PHP −H)− Λ, (108)
G(2)
(2) = 8piE(2)
(2) − Λδ(2)(2) ⇒
H(HN,r),r
N
− 3
4
(
rHω,r
N
)2
= −2H− Λ, (109)
G(2)
(0) = 8piE(2)
(0) − Λδ(0)(2) ⇒
H
r
(
r2Hω,r
2N
)
,r
+
H2ω,r
2N
= 0, (110)
∇(a)(P (a)(b)) = 0 = ∇(a)[HP(∗P )(a)] ⇒ P = −1
2
(
3c
rNHP
)2
. (111)
While in the sub-branch {a 6= 0, b = 0 = c} the field equations, in the orthonormal frame, are given by
G(0)
(0) = 8piE(0)
(0) − Λδ(0)(0) ⇒
(
rHω,r
2N
)2
+
(H2),r
2r
= 2 (2PHP −H)− Λ, (112)
G(1)
(1) = 8piE(1)
(1) − Λδ(1)(1) ⇒
(
rHω,r
2N
)2
+
H2N,r
rN
= −2H− Λ, (113)
G(2)
(2) = 8piE(2)
(2) − Λδ(2)(2) ⇒
H(HN,r),r
N
− 3
4
(
rHω,r
N
)2
= −2H− Λ, (114)
G(2)
(0) = 8piE(2)
(0) − Λδ(0)(2) ⇒
H
r
(
r2Hω,r
2N
)
,r
+
H2ω,r
2N
= 0, (115)
∇(a)(P (a)(b)) = 0 = ∇(a)[HP(∗P )(a)] ⇒ P = a
2
2N2(r)
. (116)
22
APPENDIX II: CONNECTION BETWEEN THE FLARING OUT CONDITION AND THE VIOLATION
OF THE NULL ENERGY CONDITION
Let us consider a null vector in the orthonormal frame, n = (1, 1, 0) = n(α)e(α) with e(α) such that θ
(α)e(β) = δ
(α)
(β) ;
(we can see that n is a null vector since ds2(n,n) = g(α)(β)n
(α)n(β) = 0), then contracting the Einstein tensor with
n we find,
G(α)(β)n
(α)n(β) =
1
r
(
1− b(r)
r
)
Φ,r(r)− 1
2r3
[b(r)− rb,r(r)] , (117)
this equation when evaluated at the throat, r = r0, and using the fact that Φ(r) is continuous and finite everywhere,
then G(α)(β)n
(α)n(β)|r=r0 reduces to,
G(α)(β)n
(α)n(β)
∣∣∣
r=r0
= − 1
2r30
[b(r0)− r0b,r(r0)] = 1
2r20
[b,r(r0)− 1] < 0, since b,r(r0) < 1. (118)
Then, by using the Einstein field equations and since n is a null vector, one can conclude that the Null Energy
Condition (NEC), which establishes that E(α)(β)n
(α)n(β) ≥ 0 for any null vector n(α), is violated, since at the
wormhole throat r0, for n = (1, 1, 0), it is obtained that,
E(α)(β)n
(α)n(β)
∣∣∣
r=r0
< 0. (119)
In general relativity, given that the flaring out condition implies the violation of the Null Energy Condition, then the
violation of the NEC is unavoidable for a traversable wormhole.
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